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jibanezh@ucentral.edu.co
Carlos Isaac Zainea Mayab

carloszainea@usta.edu.co

Abstract

The prediction of the behavior of the disease, the level of affectation in a po-
pulation and the ways to control it are the most important aspects studied by
epidemiology using tools such as historical data and mathematical models. So, our
objective is (1) to provide a tool capable of analyzing epidemiological phenomena
starting from the most common social interactions within a group of individuals.
(2) To provide a methodology to build epidemiological models from patterns and
logical rules. (3) Determine the impact of social interactions on the spread of a di-
sease. This paper describes the logical construction of two epidemiological models
in cellular automata together with two of their variations based on topological and
dynamical principles.

Keywords: Epidemiological Models; Cellular automata; Topological neighborhood
systems; Disease simulation; Social interaction; Topological Dynamics.

Resumen

La predicción del comportamiento de la enfermedad, el nivel de afectación en una
población y las formas de controlarla son los aspectos más importantes que es-
tudia la epidemioloǵıa utilizando herramientas como datos históricos y modelos
matemáticos. Por lo tanto, nuestro objetivo es (1) proporcionar una herramien-
ta capaz de analizar los fenómenos epidemiológicos a partir de las interacciones
sociales más comunes dentro de un grupo de individuos. (2) Proporcionar una
metodoloǵıa para construir modelos epidemiológicos a partir de patrones y reglas
lógicas. (3) Determinar el impacto de las interacciones sociales en la propagación
de una enfermedad. Este art́ıculo describe la construcción lógica de dos modelos
epidemiológicos en autómatas celulares, junto con dos de sus variaciones basadas
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en principios topológicos y dinámicos.

Palabras clave: Modelos epidemiológicos; Autómatas celulares; Sistemas de ve-
cindad; Simulación de enfermedades; Interacción social; Dinámica Topológica.

1. Introduction

Today, there are many mathematical models to project the progress of a disease.
Contingencies such as the one experienced with COVID-19 promote a greater
understanding of these models, and new theories are created around this problem
from different perspectives. Among these models, the compartmental models allow
studying the evolution of the different states considered. For example, with SIR, the
evolution of susceptible, infected, and recovered individuals is studied separately;
a peculiarity of this model is that it projects the growth of individuals in each
of its compartments, and it is possible to establish at what point we are before
the disease becomes endemic. However, it does not take into account the possible
factors related to the care, risk, or exposure of some individuals.

In this work we will show, based on simulation techniques, a possible approach
to compartmental models that take into account the closeness with other indivi-
duals. To achieve this, we use cellular automata theory and an extension of it,
using topological neighborhood concepts and fundamental neighborhood systems.
In theorem [1] we show how the impact of one cell on the others constitutes a
fundamental system of neighborhoods, and after we define some evolution rules for
SI, SIS and SIR models for each cell. Finally, an example that allows us to study
the models described in this paper in a village of 49 people.

In the development of this work, a Python package called CAsimulations was
made. The documentation of this package can be consulted at: CAsimulations
Documentation.

2. Preliminaries

2.1. Epidemiologic Study

One of the most important objects of study in epidemiology is to determine the en-
demic nature of the disease, that is, whether the disease will affect the population
for a long time or whether it will gradually disappear. Usually, this is determined
by the indicator R0 known as the basic reproduction number and which repre-
sents the number of individuals that were infected by patient zero in a susceptible
population. Normally, if R0 < 1 the disease will slowly disappear and if R0 > 1,
we may have an endemic case.

Heesterbeek and Dietz defining the basic reproduction number as:
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R0 =

∫ ∞

0

b(t)F (t)dt, (1)

where b(t) represents the average number of new infections that an infected in-
dividual will produce during time t and F (t), known as the survival function,
represents the probability that a newly infected individual will remain in that
state for at least time t Heesterbeek and Dietz (1996); Heffernan and Wahl (2005).

Generally, when we talk about epidemiological models, we consider three states or
classes into which we can divide the population over time: those who can contract
the infection, those who are infected and those who are recovered. If the recovered
populations do not acquire permanent immunity, we have a SIS model, in which the
susceptible population can contract the infection and once they recover they come
back to susceptible state. On another way, if the recovered individuals generate
disease immunity, we have an SIR model Brauer and Castillo-Chavez (2012).

2.2. The SIS Model

The SIS model considers two possible states, susceptible (S) and infected (I).
Variations between states are given by new infections and individuals recovering
from the disease. In addition, each state is affected by the mortality/birth rate
and/or the parameter describing death caused by the disease.

Normally, when talking about epidemiological models with disease deaths, four
parameters are considered:

The infection rate β, which represents the probability of a susceptible
individual acquiring the disease after contact with an infected individual.

The recovery rate α, which can be understood as the probability that
an infected person will recover from the disease. It sometimes represents
the average time it takes for an infected person to recover from the disease
de Pereda Sebastián (2010).

The birth/mortality rate µ, which in the case of traditional models are
assumed to be equal. The birth rate indicates the number of individuals
entering the space, and the mortality rate represents the individuals who die
from causes other than disease.

The death rate due to disease θ, which indicates the probability that an
infected person is likely to die from the disease.

In our work, we will use a constant population and thus S′ + I ′ = 0. With this in
mind, we can describe the model from a system of differential equations as follows:

{
S′ = µ(1− S) + (1− θ)αI − βSI,
I ′ = βSI − (1− θ)αI − µI.

(2)

Comunicaciones en Estad́ıstica, julio 2025, Vol. 18, No. 1
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In de Pereda Sebastián (2010) they use the equation 1 to determine in an analogous
way that R0 = β

α(1−θ)+µ so we will not go deeper into this process.

2.3. The SIR Model

For this model, the state of immunity (R) to the disease is considered. Unlike the
SIS model, in the SIR model there is no interaction from state I to state S, since
it is assumed that individuals who recover from the disease will not be able to
contract it again, so they will pass to state R. In this way,

 S′ = µ(1− S) + αθI − βSI,
I ′ = βSI − αI − µI, and
R′ = αI − αθI − µR.

(3)

Using an argument similar to the one used to determine the value of R0 in the
SIS model, it is possible to determine that for the SIR model, R0 = β

α+µ .

2.4. Cellular Automatas

Cellular automata (or CA) were born with the work of Von Neumann in the late
1940s with his paper ”The General and Logical Theory of Automatäın which he
first put forward ideas for a machine capable of self-replication. He worked on a
discrete two-dimensional system to develop fairly complex dynamics that were also
self-replicating. Hoekstra et al. (2010); Miguel and Jaime (2014).

We will now discuss some general information about cellular automata that will
be useful in the following sections.

Cell space L: Is the set where all the cells considered for the model live
and interact. In general this space is discrete, regular and finite, the latter
due to the computational limitations present in the tools with which models
are built in cellular automata.

Set of states Σ: Is the finite set of all possible categories in which the cells
of the space L can be. Each element σ of Σ will be known as a state of the
model.

Neighborhoods: It is the set of cells çlose”to a particular one. In general,
we do not work with the whole set of neighborhoods V(x) but instead, we
consider elements of each of these families to form a set of neighborhoods
over the space L. This set is known as a neighborhood system over L.

Evolution rules: Evolution rules define the way in which the states of each
cell change, taking into account the state of its neighbors. In general, we
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define an ϕ evolution rule as follows:

ϕ : Σx ×
N︷ ︸︸ ︷

Σ× Σ× · · · × Σ −→ Σx,

where N is the number of neighbors of x and Σx the set of states that x can
take. To determine the evolution of the space L one must apply the evolution
rule simultaneously on each of its cells.

It is possible to identify certain types of neighborhoods for each of the cells. For the
purposes of this paper we will focus only on the minimal neighborhoods and some
of its properties, for this we will use concepts set forth in Segura and Mascarúa
(2015); Barmak (2011); Munkres (2002); U. (2017).

Definition: A minimal neighborhood of x is the intersection of all the neigh-
borhoods of x. We denote it as Ux.

3. Epidemiological Models in CA

Let us think for a moment that if an individual susceptible to a disease has contact
with many infected individuals, it can get sick much more easily than an individual
who has contact with few infected individuals. Now, how many interactions with
infected individuals, out of all those that a cell can have, are enough to generate a
considerable probability of contagion? To answer this we must first determine the
nature behind the possible relationships between cells, and for this we will make
use of tools such as the fundamental systems of neighborhoods.

3.1. Social Interactions and its Impacts

Unlike the work done in A.Holkoa et al. (2016) in which each cell represented a
region, we will consider each division as a single individual that will be provided
with a set of qualities such as health status, age, neighbors, etc. These qualities
will be given by the needs of the model we are developing, for example in the
simplest SIR and SIS models it will not be necessary to endow the cells with ages,
but we will have to take into account their neighborhoods and their health states.

Let us now think about the characteristics behind the close relationship between
individuals or cells. We will denote the relationship between cells with the symbol,
∼ and having said that we have that:

All cells are in contact with themselves, so for each cell x it is satisfied x ∼ x.

If a cell were in contact with some other cell, then that cell would be in
contact with the first cell, i.e., x ∼ y implies y ∼ x.
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If a cell interacts with two other cells, it does not necessarily imply that they
interact with each other, so x ∼ y and x ∼ z do not imply that y ∼ z.

Let us consider for example the set X = {a, b, c} and the topology

A = {∅, {a}, {b}, {a, b}, {a, c}, {a, b, c}}

.

The interaction relations present in A are:

a ∼ a, b ∼ b, a ∼ b, a ∼ c , and b ∼ c,

together with their equivalent symmetric relations.

The notion of relation in the previous example of cell interaction can be taken a
bit further. Let us think for a moment about the impact that a behavior on cell
b can have on cell a, although these two cells do not interact with each other, the
relationship that each of them has with cells c and d can have an impact on the
other. Whereupon, we define the following interaction relationship:

Definition: We define the degree of impact between two points a and b as the
least amount of interactions needed to get from a to b. To recognize the degree of
impact between two points, we will use the notation a ∼n b where n ∈ N denotes
the least amount of interactions between a and b.

If we return to the example, we can identify the following degrees of impact:

a ∼0 a, b ∼0 b, a ∼1 c, a ∼1 b,
b ∼1 a, b ∼2 c, c ∼0 a

Theorem: The degrees of impact of an x cell define a fundamental system of
neighborhoods.

Proof: Let x ∈ L and V(x) be a family of neighborhoods of x. Define the set A0

as the set of points with degree of impact with x is equal to zero and recursively
to the sets Ak, whose elements have degree of impact with x is equal to or less
than k. Clearly, Ai ⊆ Aj for 0 ≤ i ≤ j and thus Ai ∈ V(x) for i = 0, 1, · · · , n.

Let us now see that the set A0 is the minimal neighborhood of x. Consider y ∈ Ux,
in particular, y ∈

⋂
V(x). If the degree of impact of y with x is greater than zero

by definition of impact grade, we can assert that there exists z ∈ L such that
z ∼ x, z ∼ y and x ̸∼ y and thus x and y are separable points.

Consider y ∈ A0 and by the definition of zero impact degree, we claim that the
points x and y are not separable, so y ∈ V(x) and with this we conclude the
proof.2

One thing to keep in mind is that the degree of impact alone does not provide us
with a measure of the impact of state changes of “distant” cells (or of the degree of
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impact greater than zero). We can define and understand these impact measures
as the probability that a state change will affect the cell with which we are making
the comparison. Thus, the impact indices will be values between 0 and 1 that can
be given by any type of function that has as its domain the set of impact degrees.

3.2. Evolution Rules

Before we start defining our evolution rules, we will define the following notations:

The state of the cell x at a time t will be denoted as πt(x).

The number of individuals with impact degree g and state K of a cell x at
a time t, will be represented as σt

g,K(x).

To represent the number of individuals with an impact degree g we will use
the symbol ∆g.

We will use the symbols St, It,Rt and Dt to denote the sets of susceptible,
infected, recovered and dead cells respectively in the space L at time t.
Formally

St = {x ∈ L : πt(x) = S},

and analogously, we define the sets It,Rt and Dt. Note that

St ∪ It ∪Rt ∪ Dt = L for all time t.

In the following, we will define the rules for the simplest versions of the SIS and
SIR models, for this we have to take into account that both models share the
passage from state S to state I so we will first define the evolution rule for an SI
model as follows:

Definition: For a cell x in a space L we define the SI rule as:

ϕt
SI(x) =


S if πt(x) = S,

∑
g σ

t
g,I(x) · P (g) ≤ · · ·

· · ·
∑

g σ
t
g,S(x) · P (g) and ρ ≥ i(t),

I if πt(x) ∈ {S, I},
πt(x) otherwise,

(4)

with ρ ∈ U[0,1], P (g) the impact rate of degree g and

i(t) =
β

α

∑
g

σt
g,I(x)

∆g
· P (g), (5)

where the factor β
α indicates the affectation caused by the disease and the remai-

ning factor corresponds to the behavior of the cells and its impact on the cell
x.

The above definition allows us to naturally define the evolution rules for SIS and
SIR models in cellular automata:
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Definition. Given a cell x in a set L we define respectively the evolution rules for
the SIS and SIR models respectively as:

ϕt
SIS(x) =

 ϕt
SI(x) if πt(x) = S,

I if πt(x) = I and ρ > α,
S if πt(x) = I and ρ ≤ α.

(6)

ϕt
SIR(x) =


ϕt
SI(x) if πt(x) = S,

I if πt(x) = I and ρ > α,
R if πt(x) = I and ρ ≤ α, and
R if πt(x) = R,

(7)

where ρ ∈ U[0,1].

For the models with birth and mortality, we will start from the hypothesis that
each individual in a system has a probability of dying from non-disease causes that
depends on its own age.

To implement the notion of age of a cell, we will initially have to modify the
domain of our evolution rule. Specifically, we will have to take into account the
state of the central cell together with its age and the state of its neighbors, so that

Dom(ϕ) = Σx ×K ×
N︷ ︸︸ ︷

Σ× · · · × Σ,
with K = {1, 2, · · · , 100},

if we assume that the age of the cell x can range from 1 to 100 time units (weeks,
months, years, etc.).

Another feature that we will implement will be that of cell aging, this with the
objective of analyzing the impact of a disease on the individuals of a system at
different stages of their ”life”. The way we will approach this idea will be with the
following adjustment to the range of our rule

Ran(ϕ) = Σx ×K.

Since we are working on populations of constant size, the way we will interpret
the birth of a cell will be with the occupation of the space left by one that dies.
For this we will identify the spaces left by the cells that die with state D and zero
age, this will allow us to separate the spaces that can be occupied and those that
cannot be occupied from cells that interact with their neighbors.

With these ideas in mind, we can define the evolution rule for anM epidemiological
model as follows:

Definition. Let x be a cell in a set L, M be an epidemiological model (SIS, SIR,
etc.) and T be a time unit (days, months, years, etc.). We define the evolution rule
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with births and deaths for M as:

µt
M,T (x) =



D, 0 if t ̸≡ 0 (mod T ),
πt(x) ∈ {S, I,R}
and ρ ≤ ωk,

D, 0 if πt(x) = D and ρ > b,
S, 1 if πt(x) = D and ρ ≤ b,
ϕt
M (x), Et(x) if t ̸≡ 0 (mod T ),

ϕt
M (x), Et(x) + 1 if t ≡ 0 (mod T ),

(8)

where ωk is the probability of dying from non-disease causes for ages in the k-th
partition of the interval [0, 100], b is the birth rate, ϕt

M is the evolution rule of the
epidemiological model, Et(x) denotes the age of the cell x at time t and ρ ∈ U[0,1].

Observation: The probability distribution with which ρ is chosen may not be uni-
form and instead depend on the phenomenon being modeled. For the purposes of
this project, we will focus only on the uniform distribution and hope to further
analyze the level of impact that the choice of different probability distributions
may have in future research.

Finally, for models with death by disease we will partition over the interval [0, 100]
and define a probability θk that indicates the probability of dying from the disease
in the k-th partition, similar to what was done for models with birth and mortality.
Thus,

Definition. Let x be a cell in a set L, M be an epidemiological model (SIS, SIR,
etc.) and T be a temporal unit (days, months, years, etc.). We define the evolution
rule with death by disease for M as:

θtM,T (x) =

{
D, 0 if πt(x) = I and ρ ≤ θk,
µt
M,T (x) otherwise.

(9)

Where θk is the probability of dying from the disease for individuals with an age
in the k-th interval of the interval partition [0, 100], µt

M,T is the evolution rule for
models with births and deaths and ρ ∈ U[0,1].

4. Applied Example

Suppose we discover the beginning of a flu outbreak in the hospital of a village
with 49 people, and we want to analyze the behavior of the disease in order to
establish control measures for future variations of the same flu.

In the village we can identify five different places where the cells interact with
each other: the school, the offices, the market, the hospital and the homes of each
person. We will assume that a census was taken in the population, and we have
access to the ages of each individual, their place of work (or where they spend
most of their time) and the people they live with. They are distributed as follows:
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School (E): It is known that there are 9 children and 2 teachers in the
village.

Offices (O): It has a staff of 16 individuals.

Market (M): 8 workers were identified.

Hospital (H): Between doctors, nurses and patients a number of 14 indivi-
duals are identified.

We will assume that all children in the village are only children and that households
with three individuals have at least one child. In addition to this and according to
the above information, we will assume that in the village the population lives in
one of three types of housing: the C1 housing where only one adult lives; the C2
housing where two individuals live, either two adults or one adult and one child;
and finally the C3 housing, where 3 people live: two adults and one child.

Figure 1: Ages and occupations in the village.

Now we must establish the degrees of impact according to the way in which our
population is distributed. We will assume that people who live together have an
impact degree of zero among them, that with those who have contact in the place
of occupation they have an impact degree equal to one and that with the other cells
they have an impact degree of two. Figure 2 describes the different neighborhood
systems along with the degrees of impact generated for each cell according to the
type of house it lives in (C1, C2 or C3) and the occupancy of it and its closest
neighbors.
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Figure 2: Impact grades by minimal neighborhood.

In the case of the disease, we will assume that it lasts an average of 5 days, so
we will take α = 1

5 = 0.2 and, on the other hand, we will take an infection rate
β = 0.3. We will assume birth and death rates equal to 0.02 and 0.005 respectively
and finally, we will assume from previous influenza outbreaks that the case fatality
rates of the disease are:

Table 1: Estimated flu case fatality rates in village.

Age range Rates
1 - 15 0.005
16 - 48 0.01
49 - 55 0.1
56+ 0.25

We will analyze disease behavior over a 30-day period, taking different impact
rates. This will give us an insight into the implications of close relationships with
individuals outside the minimal neighborhood in the event of disease spread.

In the exercise shown in figure 3 it can be observed that the disease ends up
disappearing in a period of 16 days. It should be noted that at some point the
entire population contracted the disease, and that the number of cases began to
decrease from day 3. Figure 4 shows the number of individuals per state for a
period of 30 days, taking as impact rates for grades 0, 1 and 2 the values P (0) = 1,
P (1) = 0.5 and P (2) = 0.25.

If we now instead assume that within the village the relationships are a bit more
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Figure 3: Evolution of the disease, taking the hospital as the starting point.

Figure 4: Changes of state with starting point in the hospital.

distant due to e.g. measures such as alternation periods, we can assume that the
impact rates are lower than in the previous exercise. In this scenario we will take
P (0) = 1, P (1) = 0.005 and P (2) = 0.0025 and thus,

It is worth noting that despite the fact that the population is more distant, the
disease has a similar behavior to that of the first scenario. This is due to the nature
described by the parameters of the disease and its basic reproduction number
R0 ≈ 1.46 > 1 (1). In the figure 6 we can observe the average evolution over 100
simulations of the disease taking into account different impact rates:

Considering that the previous example shows that different impact rates affect the
evolution curves of the model, we can ask ourselves if something similar happens
with different initial conditions. Figure 7 shows the evolution of the infected po-
pulation in the village for different initial conditions, each one located in one of
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Figure 5: Changes of state with starting point in the hospital.

the work sites mentioned above.

So far we have been working around a similar scenario with a value of R0 > 1
and in all the exercises we have been dealing with, it is evident that the disease
reaches a peak (or maximum point of number of active infections) at a similar
time. This is because despite considering the same parameters of the disease, we
are modifying the properties of the cell space itself, and this in turn allows us to
state that the initial condition will not depend only on the parameters α, β and
the rates µk, θk as in the classical model, but instead the ways in which the cells
may interact will have to be taken into account.

5. CAsimulations

For the development of this work, it was necessary to design and implement a
Python library that would serve as a tool to develop the analyses presented th-
roughout this document. As a tool for the reader, different examples were deve-
loped in which the concepts defined in this document are applied. Additionally,
a detailed documentation on each of the functions that are part of the library is
provided.

6. Discussion

In this work, the dynamic nature of the models based on compartments that des-
cribe the behavior of the states that characterize a propagative phenomenon in
an established set was understood. Likewise, the properties of cellular automata
that allow describing large-scale spatial behaviors, from basic concepts of topology
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Figure 6: Average evolution of the disease taking different impact rates.

such as the fundamental systems of neighborhoods, the partial order relations that
define the sets V(x) given any topology, among others. The understanding of these
concepts allowed us to establish a relationship between the interactions of the indi-
viduals of some finite system with the fundamental systems of neighborhoods, and
this in turn gave us a clear vision of the incidence of the nature of the interactions
and the frequencies with which they occur in the evolution of a disease.

The conclusions that can be stated from this work are:

By making use of the properties of cellular automata to describe spatial
behaviors and of fundamental neighborhood systems, it is possible to model
the social relationships of a given set of individuals.

The initial conditions on how cells interact do not affect the equilibrium
points of the curves describing the behavior of the disease affect the equili-
brium points of the curves describing the behavior of the disease. However,
as observed in the examples performed, changes in the initial condition can
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Figure 7: Infected population by initial condition.

affect the rate of propagation of the same disease.

There is evidence that limiting and/or reducing the intensity of social inter-
actions is an effective measure to reduce the number of infected individuals.

Although the rules proposed allow the analysis of characteristics that we-
re not possible with the classical models, a limitation is evident in that a
maximum capacity of individuals in the system is assumed.

The methodology used for the design and implementation of the evolution
rules described in this work provides a clear path for the definition of rules
that model the behavior of more general epidemiological models.
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